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a simple t r a n s f o r m a t i o n i n v o l v i n g an adjustment o f t h e ( c . , j = l , . . . ,n) and t h e J . - (qh, h = l , . . . ,R) w i l l reduce t h e o r i g i n a l problem t o t h e c a n o n i c d fo& (0.1) .
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are-random v a r i a b l e s with known d i s t r i b u t i o n f u n c t i o n . We assume t h a t t h e s e ->
random v a r i a b l e s . . . - have second moments so t h a t t h e .~~( * ) -d e f i n e d through (0.2) a l s o have ., . . , f i n i t e , s e c o n d . - -. moments. Consequent1y:the e x p e c t a t i o n t h a t appears i n t h e object.ive o f (0.1) is w e l l -d e f i n e d . W e s h a l l -assume t h a t (0.1.) i s s o l v a b l e , i. e. , t h a~. e x i s t s a v e c t o r x* t h a t s o l v e s (0.1) ; i n p a r t i c u l a r t h i s implies t h a t > .
. -
t h e . l . 4 n e a r system, ., . 
J j '
I j z l a i j x j r bi, i = l , . . .n, i s f e a s i b l e . The c o e f f i c i e n t s r , d . f o r j = l , ..., n , and eh f o r h=1, ..., R a s well j J a s t h e random v a r i a b l e s qh(m) a r e s t r i c t l y p o s i t i v e . I n p a r t i c u l a r t h i s p a r --. --a n t e e s t h e concavity o f t h e o b j e c t . ( -0 , l ) a s t h e q u a d r a t i c v e r s i o n of t h e simple.,:,reeou~s'& problem [21 i n v o l v i n g random c o e f f i c i e n t s i n t h e technology m a t r i x , t h e c o s t and Bhe r i g h t hand s i d e s . a y (Oss,) ; ' ., wj~*cC;jr-&s=l-i;j.Li-E(Ih=lzh (w) t h j (w)) ' . : . , . - 
In t h e n e x t s e c t i o n we show t h a t t h e following problem (0.4) i s dual t o t h e q u a d r a t i c s t o c h a s t i c programs w i t h simple

Although t h i s problem is r e l a t e d t o t h e dual problem t h a t would b e . d b t " a~n e d by a s t r a i g h t forward a p p l i c a t i o n o f t h e r e s u l t s o f [3]
t h e s e a r e s i g n i f i c a r i t d i f f e r - , . , . -. : , -.. : Our work was o r i g i n a l l y motivated by a problem coming from th;gs di'Vlsibn,-'-'. ,.. ,. -. " o f IIASA ( I n t e r n a t i o n a l --I n s t i t u t e f o r Applied Systems Analysis) 'dea'.l?ng.'withL"'. ' design ( s i z e ) and l o c a t e t e r t i a r y t r e a t m e n t p l a n t s t h a t w i l l f i i f e r 1 * t h e . - 'inflow .' s o a s t o minimize ( i n a l e a s t square sense) t h e d e v i a t i o n between'the obsbrveif".' c o n c e n t r a t i o n o f c e r t a i n p o l l u t a n t s . and given d e s i r a b l e l e v e l s . 
ences. I t i s t h e s p e c i f i c s t r u c t u r e o f t h i s dual problem which i s e x p f o i t e d i n
A s is well known,in optimization theory, no matter what t h e choice of t h e s e t s X,Y and Z and t h e formula f o r L, t h e saddlepoint condition 8 ..
, -
is. s a t i s f i e d by elements x e X and (?,i(*)) E YxZ i f and only i f ' % gi'ves t h e max--imum i n problem (1.3), (7,; (01) gives t h e minimum i n problem (1.
4) and t h e o p t i -'
ma1 values i n t h e s e two problems a r e equal. . , : ' i J : *
I -where w.is given b y ' k The c a l c u l a t i o n makes u s e o f t h e f a c t t h a t t h e c o n j u a t e I j '
,. ,. ,- there e x i s t s X E R~ satisfing n ., ' , .
0 L X . 5 r for j = l , ... ,n; and l j Z l a i j x j I b for i = l , . .. ,m:
Then the primal problem (0.1) has an optimal solution x, the dual p~b l e m ( 0 . 4 ) I . has an optimal solution (7, -.
. .
tinuous i n t h e norm
on a product of two nonempty compact convex s e t s , which is i n p a r t i c u l a r upper semicontinuous and concave i n t h e f i r s t argument and lower semicontinuous and convex i n t h e second. Since t h e q u a d r a t i c concave function XI+ L ( x , i ( -) ) a t t a i n s i t s maximum a t 2 r e l a -0 t i v e t o t h e s e t Xo, i . e . , r e l a t i v e t o t h e l i n e a r c o n s t r a i n t s ( 1 6 . ,. . --. . 
I t i s t h i s last v e r s i o n o f t h e s e c o n s t r a i n t s t h a t we s h a l l use-;'
.. -..
The main i d e a o f t h e a l g o r i t h m is t o s u b s t i t u t e f o r ' " ( 2 . 1 ) a l i n i t e dimens i o n a l approximation based on a f i n i t e element r e p r e s e n t a t i o n o f (2.1) f o r z. W e r e s t r i c t z ( * ) t o t h e l i n e a r span o f a f i n i t e c o l l e c t i o n o f f u n c t i o n s , i . e . , h
v Zh(*) = l k . l \ k~h k ( * ) -. . -5 where t h e c h k ( * ) a r e given and t h e Xhkc R. .-Witht h i s r e p r e s e n t a t i o n f o r z , prob- . . ---- Let us denote t h e i n t e g r a l s t h a t appear i n (2. we t h e n g e t t h e f o l l o w i n g form f o r ( 2 . 5 ) :
- . , r : i : : : ' F,c-: 
. . .
Except f o r t h e s t o c h a s t i c c o n s t r a i n t s (2.7) t h i s i s a d e t e r m i n i s t i c -. q u a d r a t i c pro-
gram f o r which e f f i c i e n t s u b r o u t i n e a r e a v a i l a b l e ; f o r example MINOS [ 6 ] ; r e c a l l t h a t 8 i s a piece-wise q u a d r a t i c and l i n e a r function, -. Thus the-o n l y s e r i o u s . ,.
o b s t a c l e i s t h e f a c t t h a t t h e simple upper-bounding c o n s t r a i n t s (2.7) a r e s t o c h a s --.
2 ' !.
t i c . We overcome t h i s d i f f i c u l t y by c o n s t r u c t i n g t h e r e p r e s e n t a t i o n s of t h e f m c -
.. --. t
i o n s z ( * ) s o t h a t t h e y a u t o m a t i c a l l y s a t i s f y t h e s e consrrain,t-s.'
Suppose t h a t f u n c t i o n s Shk a r e themselves bounded below by 0 and above by
-.
qh ' t h e n t h e c o n s t r a i n t s (2.7) w i l l -be s a t i s f i e d i f rather-..than_ t a k i n g l i n e a r com- . .
,hk . ,. h k j f o r j = l , . , n , v and 4) (y,X) i s minimized.
The c h o i c e o f t h e f u n c t i o n s Chk is a d a p t i v e . W e view7&oblem (2.9) a s t h e v-th i t e r a t i o n of an approximation p r o c e s s , i n t h e s e n s e t h a t t h e convex combi-
n a t i o n of t h e f u n c t i o n s Chk o n l y y i e l d s a f i n i t e element r e p r e s e n t a t i o n of t h e . --- s e n t z, i . e . , i n s t e a d t h e c o e f f i c i e n t s t h a t would be generated through e a l i e r v e r s i o n s of ( 2 . 9 ) ; n h e r e hhk a r e t h e optimal s o l u t i o n s o f ( 2 . 9 ) . Let ,- ' -. a s i n c e -a z h 'j = 'hj and from (1.9) and t h e d e f i n i t i o n o f 8 ' we g e t -:.
This then y i e l d s (2.10) s i n c e we o b t a i n from t h e equatioG i f it t u r n s out t h a t t h e r e s u l t i n g value i s between 0 and q,.
,.. . I
The choice o f gv+' p a r a n t e e s t h a t u n l e s s we a l i e a d y have found t h e oi-kimdl s o l u t i o n , t h e new p r e s e n t a t i o n The a l g o r i t h m t h u s proceeds a s follows:
. -t h e c o n s t r a i n t s d e f i n i n g w . Let denote t h e optimal v a l u e s o f t h e X - Otherwise r e t u r n t o S t e p 1 with v = v+-1'. .. , +> v Observe t h a t having gV*' = z i m p l i e s t h a t no f u n c t i o n o f t y p e 5 can be found t h a t could g i v e a r e p r e s e n t a t i o n f o r z g e n e r a t i n g a d e c r e a s e i n a. The f a c t t h a t t h e (xv j = l , . . . , n ) a r e t h e n optimal s o l u t i o n s o f t h e o r i g i n a l problem (0.1) f o lj ' lows from t h e D u a l i t y Theorem o f S e c t i o n 1.
W e conclude by making a few comments about implementation. F i r s t n o t e t h a t v t o s t o r e t h e f u n c t i o n 5 it r e a l l y s u f f i c e s t o s t o r e t h e f i n i t e dimensional v e c t o r is necessary t o compute t h e q u a n i t i e s f h k j ihk and ehkk, which a r e obtained by 9 numerical i n t e g r a t i o n . F i n a l l y , one should n o t r e a l l y r e l y on t h e s t o p p i n g c r i t er i o n given i n S t e p 2, b u t on bounds t h a t can be o b t a i n e d from t h e optimal value o f (2.9) s i m i l a r t o t h o s e used i n t h e Frank-Wolf a l g o r i t h m [ 7 ] .
